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ON THE STRUCTURE OF DYCK LANGUAGES
RITA GITIK AND ELIYAHU RIPS
Abstract. We prove that the closure of the one-sided Dyck language in a free
monoid is a two-sided Dyck language.
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1. Introduction
A Dyck language (cf. [1], p.27) consists of ”well-formed” words over a finite
number of pairs of parentheses. The restricted or one-sided Dyck languagesD
′
∗
n
, n >
1 are formed of the words over n pairs of parentheses which are ”correct” in the
usual sense, i.e. in each pair of canceling brackets an opening bracket precedes the
closing bracket. Thus ([()()]{}[])() is a word in D
′
∗
3 .
For the unrestricted or two-sided Dyck languages D∗n, n > 1, the interpretation
of the parentheses is different. Two parentheses of the same type are considered
as formal inverses for each other. A word is considered as ”correct” if and only if
successive deletion of pairs of associated parentheses of the form () and of the form
)( yields the empty word. Thus )()(][)( is a word in D∗2 .
Note that the word )( is a word in the two-sided Dyck language, but not in the
one-sided Dyck language.
Let D∗2 be a two-sided (unrestricted) Dyck language on two pairs of letters {a, a¯}
and {b, b¯}. Denote by D
′
∗
2 the corresponding one-sided (restricted) Dyck language.
Let M = {a, a¯, b, b¯}∗ be the free monoid on {a, a¯, b, b¯} and let F be the free
group on the free generators {a, a¯, b, b¯}. We endow F with the profinite topology
in which all the subgroups of finite index in F are the open neighborhoods of 1F .
We consider the topology on M induced by the embedding M → F .
The main result of this paper is the following theorem.
Theorem 1. The closure of D
′
∗
2 in M is D
∗
2.
2. Proof of Theorem 1
Let F2 be the free group on the generators x and y. Let φ : F → F2 be the
homomorphism given by φ(a) = x, φ(a¯) = x−1, φ(b) = y, and φ(b¯) = y−1. Then
Ker(φ)∩M = D∗2 because Ker(φ) consists of words in F which reduce to 1F when
we delete the subwords aa¯, a¯a, bb¯, b¯b, a−1(a¯)−1, (a¯)−1a−1, b−1(b¯)−1, and (b¯)−1b−1.
All such words constitute the two-sided Dyck language D∗2 .
The homomorphism φ is continuous in the profinite topologies on F and F2
because a preimage of a subgroup of finite index in F2 is a subgroup of finite index
in F . Therefore, Ker(φ) is closed in F and Ker(φ) ∩M = D∗2 is closed in the
induced topology on M . Thus, the closure of D
′
∗
2 in M is a subset of D
∗
2 .
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On the other hand, let U be a normal subgroup of finite index in F . There
exists n such that (aU)n = (a¯U)n = (bU)n = (b¯U)n = U . It follows that an−1 ≡
a−1(modU), (a¯)n−1 ≡ (a¯)−1(modU), bn−1 ≡ b−1(modU), (b¯)n−1 ≡ (b¯)−1(modU).
Hence a¯a = ((a¯a)−1)
−1
= (a−1(a¯)−1)
−1
≡ (an−1(a¯)n−1)
−1
(modU) and b¯b =
((b¯b)−1)
−1
= (b−1(b¯)−1)
−1
≡ (bn−1(b¯)n−1)
−1
(modU).
Therefore D∗2 ⊆ 〈D
′
∗
2 〉U , where 〈D
′
∗
2 〉 is the subgroup of F generated by D
′
∗
2 in
F . It follows that the closure of D∗2 in F is a subset of the closure of 〈D
′
∗
2 〉 in F .
So D∗
2
M
= D
′
∗
2
F
∩M = D
′
∗
2
M
= D
′
∗
2 . Hence, D
′
∗
2
M
= D∗
2
M
= D∗2 , as required.
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